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Degenerate Strings and Founder Graphs

Σ = {a, b} alphabet.

Solid string:

Elastic-Degenerate (ED) string:

Elastic-Founder (EF ) graph:

Variable string: degenerate string or founder graph (non solid).
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Classification of degenerate strings
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Classification of founder graphs
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PvarT(X, Y )

Pattern Matching on Variable Text: PvarT(X,Y )
Input: A solid or variable pattern P of type X and a variable
text T of type Y
Output: All positions j such that an occurence of P in T
ends at T [j]
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Solid Pattern vs Solid Text: matching
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Solid Pattern vs Variable Text: matching
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Variable Pattern vs Variable Text: matching
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Variable Pattern vs Variable Text: matching
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Main question

For each pair (X,Y ), determine when PvarT(X,Y) has:

a truly subquadratic upper bound

or

a quadratic lower bound .

quadratic: O(NM)
truly subquadratic: O(N logM),O(N

√
M)



PvarT(solid,1-D)
Solid Pattern vs 1-D Text

1-D strings → indeterminate strings

m = 5, n = 10

Theorem (Cole and Hariharan 2002, [CH02])

PvarT(solid,1-D) can be solved in O(n log2m) time.



PvarT(solid,k-D)
Solid Pattern vs k-D Text

m = 5, n = 5, k = 3,
N = k ∗ (number of strings) = 3 ∗ 11 = 33

Theorem 1

PvarT(solid,k-D) can be solved in O(N +N log2m) time.



PvarT(solid,k-F )
Solid Pattern vs k-F Text

|E| = number of edges = 11

Theorem 2

PvarT(solid,k-F ) can be solved in O(
√
m(|E|+N log2m))

time.



PvarT(solid,k-F )
Solid Pattern vs k-F Text

|E| = number of edges = 11

Theorem 2

PvarT(solid,k-F ) can be solved in O(
√
m(|E|+N log2m))

time.



PvarT(solid,GD)
Solid Pattern vs GD Text

Generalized Degenerate (GD) Text

Theorem 3
PvarT(solid,GD) can be solved in O(N + nm) time.
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PvarT(solid,F )
Solid Pattern vs F Text

Founder (F ) graph Text

Theorem 4
PvarT(solid,F ) can be solved in O(nm+N + |E| logm)
time.



PvarT(solid,ED)
Solid Pattern vs ED Text

Theorem (Backurs and Indyk 2016, [BI16])

No algorithm can solve PvarT(solid,ED) on constant
alphabet in O(m1−ϵN) nor in O(mN1−ϵ) time for ϵ > 0,
unless OVH is false.



PvarT(solid,EF )
Solid Pattern vs EF Text

Theorem (Equi et al. 2021, [Equ+21])

No algorithm can solve PvarT(solid,EF ) on constant
alphabet in O(m1−ϵ|E|) nor in O(m|E|1−ϵ) time for ϵ > 0,
unless OVH is false.
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Summary tables: solid pattern
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Variable pattern: Degenerate vs Degenerate
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Variable pattern: PvarT(1-D,1-D)
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Variable pattern: PvarT(1-D,k-D)
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Orthogonal Vectors

Orthogonal Vectors (OV)
Given: sets X,Y ⊆ {0, 1}d of size n such that d = ω(log n)
Determine: whether there exist x ∈ X and y ∈ Y such that
x and y are orthogonal, i.e. x · y =

∑d
i=1 x[i] · y[i] = 0.

Example n = 4, d = 3:

X = {
x1︷︸︸︷
010 , 100, 011, 111}

Y = { 001︸︷︷︸
y1

, 010, 110︸︷︷︸
y3

, 101}

x1 · y1 = 0 · 0 + 1 · 0 + 0 · 1 = 0 ⇒ orthogonal
x1 · y3 = 0 · 1 + 1 · 1 + 0 · 0 = 1 ⇒ not orthogonal

Orthogonal Vectors Hypothesis (OVH)

For no ϵ > 0, no algorithm can solve OV in time

O(n2−ϵpoly(d)).
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PvarT(1-D, k-D)

Theorem 5
No algorithm can solve PvarT(1-D,k-D) on constant
alphabet in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0,
unless OVH is false.

X = {010, 100, 011}
Y = {001, 010, 110}

x1 matches Q(y1) if and only if x1 and y1 are orthogonal:
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PvarT(1-D,k-D)

X = {010, 100, 011}
Y = {001, 010, 110}
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PvarT(1-D,k-D)

X = {010, 100, 011}
Y = {001, 010, 110}
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PvarT(1-D,k-D)

X, Y ⊆ {0, 1}d of size n
size of P : M = O(nd)
size of T : N = O(nd)

time to build P and T : O(nd)

Given an O(MN1−ϵ)-time algorithm for PvarT(1-D,k-D)

⇓

we get an algorithm for OV running in time

build P and T︷ ︸︸ ︷
O(nd) +

PvarT algorithm︷ ︸︸ ︷
O((nd)(nd)1−ϵ) = O(n2−ϵpoly(d))

which contraddicts OVH.
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Variable pattern:
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Variable pattern: PvarT(1-D,k-D)
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Variable pattern: PvarT(1-D,k-D)
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Variable pattern: PvarT(k-D,1-D)
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Variable pattern: Degenerate vs Degenerate
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Variable pattern: Founder vs Degenerate
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Variable pattern: PvarT(1-F ,1-D)
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Variable pattern: Founder vs Degenerate
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Variable pattern: PvarT(1-D,1-F )
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Variable pattern: Founder vs Founder
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Variable pattern: PvarT(1-F ,1-F )
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Variable pattern: Founder vs Founder
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Conclusions

PvarT(solid,k-D): truly subquadratic upper bound

PvarT(solid,k-F ): truly subquadratic upper bound
If at least one between pattern and text is a founder and
the other is variable string:
quadratic conditional lower bound (even for constant-size
alphabets).
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Open problems

PvarT(solid,GD)

PvarT(solid,F )
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