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Reactions

Definition

Given a finite set S, a chemical reaction over S is a couple
(R, P) of multisets of S:

@ R is the multiset of reactants,
@ P is the multiset of products.
(R, P) is enabled in a state T € S# when R < T.

The reaction ({a},{b}) is enabled by {a,a,b} since
{a} <{a,a,b}
but ({a,a,a},{b,b,b}) is not enabled by {a,a,b} since

{a,a,a} £ {a,a,b}.
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Maximally parallel criterion

CPRA in mp
A = {r1 = ({a,a},{b}),
ro = ({a.a.b}, {a})}
T ={a,a,b} |
The reaction ry is enabled by T' in maximally parallel manner mpemical
since bOth Automata
r1+ 15 = ({a.0. 0,00}, {b,a})
and

r1+r; =2r; = ({a,a,a,a},{b,b})
are not enabled by 7.
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Maximally parallel criterion

CPRA in mp
A= (x) = ({a}. {B}). "
ro = ({(L./ a, b}, {a})} /F:eaction
T — {(L, a, b} utomata

The reaction r) is not enabled by 7" in maximally parallel
manner since

¥+ 15 = ({a,a}, {5,0})
is enabled by T.



A ={r; = ({a,a},{b}), CPRA in mp
ry = ({a,a,b},{a})}

T ={a,a,b}

En{?(T) = {r1,r2}
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A = {r1 = ({a,a},{b}),
r2 = ({a,a,b},{a})}

T ={a,a,b}

En{?(T) = {r1,r2}

Pe, +T = Ry, = {b,b}
N——

ry
{b}
T ={a,a,b}
k
Poy +T - Ry, = {a}
&

1Okubo, Kobayashi, and Yokomori 2012.
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Pure Result?

CPRA in mp
A = {r; = ({a,a},{b}),
ro = ({a,a,b}, {a})}
T ={a,a,b}
Ena"(1) = {r1,ra) e
Automata
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Pure Result?

CPRA in mp

A = {I'l - ({(l, (L}, {b})7

ro = ({(I, a, b}a {a’})}

T= {(I, a, b}

En\*(T) = {r1,r2} Reacion
Automata

n/ By = {0} )
T ={a,a,b} = fi\eszp(T)

&_‘ P., = {a} )

2Ascone et al. 2024.




Chemical Pure Reaction Automata (CPRA)

Example with mp manner

CPRA in mp
Y = {a,b}, -DO = {SO,f}, F = {f}
Chemical
A={n =) o)), —

ro = ({s1,b}, {s0}),
r3 = ({s1,a}, {d}),
ry = ({&}, {&}),

r5 = ({f}{f}H) }



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

> = {a,b}, Do = {s0, f}, F = {f}.
= {r1 ({s0,a}, {s1}),
= ({s1,b}, {s0}), Chencl
= ({s1.a}, {#}),
ry = ({%}, {}),
= {4 )

w=abe X*:

Dy = {so, f}
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Chemical Pure Reaction Automata (CPRA)

Example with mp manner

> = {a,b}, Do = {s0, f}, F = {f}.
= {r1 ({s0,a},{s1}),
= ({s1,b}, {s0}), Chencl
= ({s1.a}, {#}),
ry = ({%}, {}),
=({fh )

w=abe X*:

= {s0, f} 2% {s1, f}



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

¥ ={a,b}, Do = {s0, f}, F ={f}.
A= {rl ({s0,a}, {s1}),
= (sn,0h tsoh), Chamica
r3 = ({s1,a}, {d}), Automata
= ({&}, {&}),
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w=abe X*:

DOZ{807f} r1+r5 { 1af} 1'2+r5



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

CPRA in mp

> = {a,b}, Do = {s0, f}, F = {f}.

A= {rl ({s0,a}, {s1}),
= ({er, b, 1s0}), Chamica
r3 = ({s1,a}, {d}), Automata
= ({&},{S}),
={/h{r }

w=abeX*:
DOZ{807f} r1+r5 {Slaf} r2+r5 {507f}



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

¥ ={a,b}, Do = {s0, f}, F ={f}.
A= {rl ({s0,a}, {s1}),
= ten, b {aob), Chamica
r3 = ({s1,a}, {d}), Automata
= ({&}, {&}),
={fH{fH«}

w=abe X*:

Do = {s0, f} 222 {51, f} 2255 (50, f} 25 ([} = F.



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

Y = {a,b}, Dy = {s0, f}, F = {f}. Rscone,
A= {1'1 ({So, a}, {81}), L.Manzoni
= (o1, {s0}), s
r3 = ({s1,a}, {d}), Automata
= ({&}, {&}),
={/h{r }

w=abe X*:
Do = {50, f} 5% {51, f} % {50, f} 2 {f} = F.

= ab is accepted by the CPRA working in mp



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

Y= {a7b}r DO = {SOaf}' F= {f}
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w=aa € X*:
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Chemical Pure Reaction Automata (CPRA)

Example with mp manner

¥ = {a,b}, Do = {s0, f}, F = {[}.
- {r1 ({so,a}, {s1}),
= ({s1,b}, {s0}), roni
rs = ({s1,ab, {#}), nesion
= ({6}, {&}),
={/H{rH+}

w = aa € X*:

Do = {s0, [} 2555 {5y, f} ZHT,



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

Y= {a7b}r DO = {SOaf}' F= {f}
- {rl ({307 a}7 {31})7
({81’ b}7 {80})7 Chemical
rs = ({s1,a}, {#}), et
= ({6}, {&}),
={/H{rh }

w=aa € X*:

Do = {50, [} “2 {1, f} B2 (&, f)



Chemical Pure Reaction Automata (CPRA)

Example with mp manner

= ={a,b} Do ={s0, /1. F'={f}. hcone
= {r1 = ({s0,a},{s1}), L Marreani
~ ({1, {s0),
r3 = ({s1,a}, {&}), Acromata
= ({6}, {#}), <
={/H{rH+}

w=aa € X*:

Do = {s0, f} 2% (s, f} 22555 (&, £} DA, &1
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Chemical Pure Reaction Automata (CPRA)

Example with mp manner

= ={a,b} Do ={s0, /1. F'={f}. hcone
= {r1 = ({s0,a},{s1}), L Marreani
~ ({1, {s0),
r3 = ({s1,a}, {&}), Acromata
= ({6}, {&}),
={rHL{H 3

w=aa € X*:

Do = {s0, f} 2552 (o1, £} 2555 (&, £} 25 (& FY O

= aa is not accepted by the CPRA working in mp



Non deterministic CPRA in mp are Turing complete

Given any chemical reaction automaton A = (S,%, A, Dy, S¢)
working in mp manner, there exists a chemical pure reaction
automaton M working in mp manner such that they accepts
the same language in \ input mode.
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Non deterministic CPRA in mp are Turing complete

Given any chemical reaction automaton A = (S,%, A, Dy, S¢)
working in mp manner, there exists a chemical pure reaction
automaton M working in mp manner such that they accepts
the same language in \ input mode.

Theorem (Okubo and Yokomori 2016)
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Non deterministic CPRA in mp are Turing complete

Given any chemical reaction automaton A = (S,%, A, Dy, S¢)
working in mp manner, there exists a chemical pure reaction
automaton M working in mp manner such that they accepts
the same language in \ input mode.

Theorem (Okubo and Yokomori 2016)
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Deterministic CPRA
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J—— _
If the pure result Res, (T') consists of one element only, for
any reachable state 7', we say that the CPRA is deterministic.
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Deterministic CPRA

Definition

—— _
If the pure result Res, (T') consists of one element only, for

any reachable state 7', we say that the CPRA is deterministic.

Given a deterministc CPRA, the following map is well defined
on reachable states:

R:S%* — §7
T — R(T) € Resy (T).
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Deterministic CPRA

Example

Y= {a,b}, DO = {S(), f}, F = {f} CPR mp

A= {1‘1 ({s0,a}, {s1}),
= ({51, b}, {s0}),

r3 = ({s1,a}, {&}),
= ({®}, {®}),
={fH{rH} crRA

w = abe X*: mp

DO:{SOaf}?{517f}?{307f}_>{f}:F-



Deterministic CPRA

Example

S = {a,b}, Do = {s0, f}, F = {f}. CPRA in mp

A= {1‘1 ({s0,a}, {s1}),
= ({51, b}, {s0}),

r3 = ({s1,a}, {&}),
= ({®}, {®}),
={fH{rH} crRA

w = abe X*: mp

DO:{SOaf}?{517f}?{307f}_>{f}:F-

= R({s0, f,a}) = {s1, [}
R({817 f7 b}) = {807 f}
R({s0. f}) = {/}



Topology on S7

Example

CPRA in mp

V ={a,a,b,b,b,b} — (2,4) € N?

Topology on S



Topology on S7

Example

V - {CL, CL, b7 b) b7 b} — (27 4) 6 N2 GREAn::D.:ITHi
LFI‘.lf ni
N
uV Topology on S
41----9
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Topology on S7

Example

V ={a,a,b,b,b,b} — (2,4) € N° s,
W ={a,a,a,a,a,a,b} — (6,1) € N? T
N
Z/{V Topology on S?
41----9
% Uw
1 o
l l N
2 6



Topology on S7
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As a corollary of Dickson's Lemma, we prove the following
result.

Given a sequence of multisets { Dy, }nen C S7, there exist
M,k € N, such that Dy, > Dyy.
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Deterministic CPRA in mp are monotone
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Deterministic CPRA in mp are monotone

CPRA in mp

Let D, D' € S# such that D < D', then R(D) < R(D'). G Bernardin,
LFMLae :ze ; ;1 i
N
D'®_
\\\\ Monotonici ity
D@,
N A
K R(D")®
RY
R(D)®




Deterministic CPRA in mp are not Turing complete

CPRA in mp

Given an input word w = wy - - - w, € X*, consider the process
reading w:

D0—>D1—)DQ--'Dn_l—)Dn—)Dn+1—>"-
w1 w2 Wn

Halting problem
for CPRA



Deterministic CPRA in mp are not Turing complete

Proof
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Given an input word w = w1 - - - w, € X*, consider the process
reading w:

Do—)Dl—)DQ--'Dn,I—)Dn—>Dn+1—>---
w1 w2 Wn L
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Deterministic CPRA in mp are not Turing complete

Proof

CPRA in mp

Given an input word w = wy - - - w, € X*, consider the process
reading w:

D0—>D1—)Dg-'-Dn_l——)Dn—>Dn+1—>”'
w1 w2

Wn, L ]

Dickson’'s Lemma = dM >n and k € Ns.it. Dyryp > Dy Halting problem

for CPRA
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Halting algorithm for DCPRA in mp
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Halting algorithm for DCPRA in mp
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Halting algorithm for DCPRA in mp
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Halting algorithm for DCPRA in mp
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@ Investigate the computation power given by maximally
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Future direction

@ Determine DCPRA's exact computation power. (Petri
Nets?)

o DCRA in mp: still open.
@ Investigate the computation power given by maximally
reactive criterion of execution for CPRA and DCPRA.

@ Build a solid connection with the existing derivation modes
for P systems.

Future
direction
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